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SOME CONDITIONS FOR COMPLETENESS IN COUNTABLE~VALUED LOGIC
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in Doklady Akademii Neuk SSSR (Reports of the Academy
of Sciences USSR), Vol. CXXVIII, No 1, pages 172-175.]

(Submitted by A. N. Kolmogorov, 1k Moy 1959)

let P be the set of all functions, determined for the set EY of

power m and which alsc takes on values within this set, The closed

subset §1l and set Py with respect to its superposition (l) is called
a closed class. The subset I is called the camplete system in By

if its closure with respect to its operation of superposition is
coinciding with the set Py The subset M 1is called pre-completed
class [partially-completed], if it is not a complete system, bul by
adding to it any one function from P, which does not belong to T
will give us a complete class within the Pm system.

In our further discussion we will be interested in sets By
for which m = k (k is a natural number greater than one) and m=N,.
The first is called k-valued loglc (1), the second countable-valued
lcgic (2). Tn case m = k then for the set EX we can take the set

{0,11~--',A’“"1}3 ant ifm=§\‘o then Eﬁo:::. §O,!,2,.-..}.

One of the important questions in respect to k-valued logic
and countable-valued loglc is the question of completeness of the
system of functions. For Py the following theorem of completeness
is taking place (*):

In order for the system of functions P to be complete, it is
necessary and sufficient that it be not included in any of the pre-

completed classes of P . Az 1t is evident, the whole ccllection
of pre-completed classes of Py is considered in this theorem. ‘The

power of this collection being finite increases rather swiftly
with the increase of k. Therefore by presenting itself as an effective
and sufficiently good (from the theoretical point of view) criterion
of completeness, the introduced theorem, nevertheless, presents
considerable difficulties for the practical realization, in exposing
the completeness of concrete systems when k is sufficiently large.
In view of this, in k-valued logic other theorems of completeness,
which are less complex from & practical point of view, take first
place. To such theorems belongs, in particuler, the criterion of




Slupetsky, which displays a sufficient condition for completeness *):
that those systems of functlons are camplete in Pk’ which consist of

all functions from one argument, and functions, essentlally dependable
on not less then two vardablies and taking on ell k values.

One should take notice that the knowledge of the pre-completed
classes glves the necessary conditions of the completeness of systeus
of functions; therefore the search for the new pre-completed classes
presents an jnterest in regard to the solution of the question of
completeness in Pk‘

In countable~valued logle, because of the impossibility to
obtain an effective eriterion of completeness with the use of pre-
completed classes (inasmuch as the power of the set of all the pre-
completed classes of Pﬁc is not less than that of continuum), and

also in view of the fact that we have not yet solved the question
of the sufficiency of the condition of noninclusion of the system
in any one of the pre~-completed classed to obtain the completeness
of this system, special importance is being scquired by the theorems
of completeness, that do not consider the whole aggregrate of pre~
completed classes in Py, . As in k-valued logic, locations of the
new types of pre-completed classes in Py, allow us to obtain more

and more perfect necessary counditions of campleteness., Sufficient
conditions of completeness can be found by wey of analyzing the
conditions of systems of special form, in particular, systems
analoglc to those investigated by Slupetsky’s criterion. One
should consider, that a streight generalization of Slupetsky's
theorem for the counting case does not glve a positive resuld
(see  theorem 3).

Until now only one family of pre~-completed classes of P N

were known, so called classes which retained the sel EcEN (),

and one sufficient sign of campleteness (for systems composed of all
functions, of one varisble, and "seanofs" function)¥*,

Tn the present notation** we cite cne series (family) of
pre-completed classes and one pre-campleted class, and are giving
two indications (signs) of the coumpleteness of systems of a special
form (Slupetsky'x type).

1, The decomposition of D of the set g {0,1,2,. R

Eﬁné‘ é: (@i(@ =A if 174.-])
¥The latter was reported on by A. V. Kuznetzov, &s & congeqguence of
a more general outcome, at the semipar of mathematical logic at the
Moscow State University in 1951.
*%The present notation is basicelly a short presentation of my
diploma, written at the Moscow State University in 1958 under the
guidance of S. V. Yablonskiy.




':Ls called correct, if it satisfied the Following requirements:
1)the power of the gubset <%; is finite for any one i; 2) the number

of subset Cgi , for which the power is greater than one unit, is
finite 3) if there exlsis at 1east one subset of dscomposition with
power greater than one unit.

Function f(%;,%;,.. ..¥Xn) 1is called the function that

preserves the decomposition, (in partic}}lar the proper decomposi-
tion) D, in case that the collections & == (dy,cb2, ... - ,a,) and

'Ez (F’n By v wﬁn)- of values of the argumenis are equivalent
A~ (modD), t.e. ap ond BEF et (=02..n
1+ follows that also the values of these collections are equivalent:

Fay~ T(B) (mod. D) |
We will esll the set of all the functions containing the
proper decomposition D of the set ENe , the class of type

W and we will denote it by W(D).
Theorem 1. The class of type W is a pre-completed class.
Obviously, the meximm power of a set of pairs of nondual
classes of the considered type is the cardinal number No  »

Tee set Us (g’(x))::{t:té&”‘ & g(t) =53}

where S€ ENe and the function glx) belong to the set G
(everywhere in this notation G is the set of function of Pg,

dependent on not more than one argument), is called the interval

of continuity of the function g(x), The functlion g(x) will be
called definite~continuous, if it has no more %than a finite nunber
of counting-power intervals of continuity. The set of all finitely-
continuous functions of Py, , we will denote by Q. The class of

of all the functions of Py, , preserving the set @ (i.e. the class
which consists of all the functions f(x,,x,,. ,Xn), R >0

such that the functlion f(g,(x),g,(x), .. ,€n(XNERQ

at any §i()EQ,L=1,2,---,1)

we will call the class V. It is easy to see that QcV

Theorem 2. The clasc V is pre-completed.

2, Tor further discussion, a series of conceptions will be
necessary, and the introduction of them will allow, in a compact
and also convinient for a survey form, to give two indications of
the completeness of systems which are gimilar to the systems
considered by Slupetsky's criterion in Pp.

The function F(X,, Xz, -1 Xn)€Py, (n>2 and all the
existing variables) is called "peanof's", if for different collections
of values of the arguments it takes on different values. An
example of peonof's function of two arguments is given in table l.
The function f(x,,%,,. - .,xn) is called quasipeanof's,




15 the system G = G U {f] is complete in Py .
We will analyze the set Gp, where f is a function, substan~

tially dependent on two arguments. To each superposition of the
functlon of the set Gp, that represents thefunction dependable of

not more than on LtWo srgunents, we will put in correspondence a
cortain number, defined by the followlng rules 1) for x (or y)

bx)=0 (r(y) = 0)  2) for g (@ (x,y) — ¥(F (XYW =v ()
3) for 1(¢,(x,y), ¢ (x.y) v (F (G (2,), §s () = max (¥ (& ()

v (¢, L yM+1 (g (x, y) ¢ (2, 9) end ¢, (x,y)— 1s the super-
position of the functions of the set Gf, which represent functions

depending on not more than wHo arguments ).

Table 1
X
\ 0 { 2 s
v
0 0 | 3 6
i 2 4 7 41
2 5 8 42 17
3 9 13 18 24
Table 2
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let F(x,y) be the superposition of the functions of the
system Gy (f=f(x,y) » We will call i1 the superposition of the

»Ls order with respect to £, if v(F{x,y)) =r . e definition

given is generalized rether easily in case of ‘the mumber of argu-

ments being greater than two.

The function £ (x, y) is called guasipeanof 's funetion of
r#s order, if there exists a superposition of r-order of the func-
tione of the system Gp guch that the function represented by it




.(of two argmnen'bs) is a peanof's funetion, but there 1s no super-
position of a lesser order with the same property.

We will enalyze the system of Hp functions, produced by the
sunetion F(xi, %z, - - > Xn)(n>2 end for all the exlsting variables)
and by the functions of the set GiHp={¢: @ (X . Xjp- - > Xim)=
80 (F(21(xi,),82(xiz), -G (Xin) g (NNEG(1=0,1, Lo IS g a,m Y0}
Obviously, if some function of Hf is quasipsancf's functlon of
r order, then f(x,,x;, - ,Xn) 18 a quasipesn £1s funetion of the
‘order not grester then r. It is easy to notice, thet for & fumection
+o be a quasipeanof function of the 1lst order, it is necessary
and sufficient that its system of contain a peanof function.

e function £(x,y) is called degenerated, if £(x,y) is a
function with & finite number of intervales of continulty at any

EEER  op £(x,1) is e function with the same property at any
[6ENe | Otherwise the function f(x,y) is called pon~degenerata.
Theorem 3. For a function f(x,ys to be & quasipeanof's

funetion, it is necessary thet it be nondegenerate.
The proof is carried out by induction of the order of super~

position with respect to fumetion f.

We will call the function £(x,¥y) diagonally~divided, if 1t
possesses the following properties: 1) its H-system does nob include
a peanof function; 2a) the he-system includes the function g (x.,y),
for which the set ®o= @ ({0}, EM\{0})  consists of different
numbers, the set O = ¢ (ENN {0} 5 10}) consists of different
nabers, the set$2 =@ ({0}, P ¢ ({x: x > 0}, {y° y > x )= {0}
the set Pi=¢(fx x>y iy y>0p consists of different nwrbers,
vhere Poli= P P2 = 0,0, = P Ps =/  or 26) the H-system
includes the function ¢ (x,y)  for which the sel &, = q (EN\{0}

fy:yLx}) consists of different numbers, the set Pa= (M
{y: y>x} consists of parts (proportions) ®:l =q(fxra<l},
§03=a, (@ €END. @, Py, = at L1, , where @, @, =A.

An example of & diagonally-divided function is given in
table 2. Theorem 4. A diagonally-divided function is & quasi-
peanof 's function of the second order.

For the diagonally-divided function introduced in this

example we have f(f(2x +2,2y +3),f(2¢y+3,2x+2)) == 8 peanof's
function. ‘

In conclusion I express my thanks to S. Ve Yablonskiy for
his interest and advice.

Moscow State Universlty
imeni M. V. Lomonosov submitted 13 May 1959
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